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LIE DERIVATIONS OF A MATRIX RING OVER AN ASSOCIATIVE
RING
UMUT SAYIN AND FERİDE KUZUCUOĞLU
Abstract. Let K be a 2-torsion free ring with identity. We give a description of the
Lie derivations of R = Rn(K, J) = NTn(K) +Mn(J), the ring of all n× n matrices
over K such that the entries on and above the main diagonal are elements of an ideal
J of K.
1. Introduction
Let K be an associative ring with identity. An additive map ∆ : K → K is called
a Lie derivation of K if ∆(x ∗ y) = ∆(x) ∗ y + x ∗ ∆(y) for all x, y ∈ K where
x ∗ y = xy − yx. Clearly, derivations are basic examples of Lie derivations of K. The
usual problem is to determine whether a Lie derivation is a derivation. The problem of
describing all Jordan derivations, Lie derivations and Lie automorphisms of a ring or
algebra was considered by many authors(see [1], [2], [3], [6], [7], [8]). Derivations and
Jordan derivations of the ring R are described in [5] and [9], respectively. In this paper,
we continue the investigation of Lie derivations of R = Rn(K, J) = NTn(K) +Mn(J)
for n ≥ 3 where NTn(K) is the niltriangular n× n matrix ring and Mn(J) is the ring
of all n × n matrices over an ideal J of K. If [xi,j ] is an element of R, then xi,j ∈ Ii,j
where Ii,j is equal to J for i ≤ j or to R for i > j.
The group of automorphisms of this ring R is given in [4] under certain restrictions
on J. Throughout this paper, we consider the square matrices of order n ≥ 3 and we
also assume that the 2-torsion free ring K has identity element. Let ei,j denote the
matrix unit with 1 in the (i,j) position and 0 in every other position. The ring R is
generated by the sets Kei+1,i (i = 1, 2, ..., n− 1) and Je1,n.
Let E denote the identity matrix of order n, δi,j = 0 for i 6= j and δi,i = 1. Then
ei,j ∗ er,s = δj,rei,s − δs,ier,j .
2. Basic Derivations and the Main Theorem
Let R = Rn(K, J). Then the sets of annihilator of R and of J in K are
AnnR = {α ∈ R : αR = Rα = 0}
and
AnnK(J) = {α ∈ K : αJ = Jα = 0} ,
respectively. By Lemma 1.3 in [4], we know that AnnR is equal to AnnK(J)en,1. Let
C(K) be the center of a ring K. Clearly, C(R) = AnnR + (J ∩ C(K))E.
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If we replace the original product by the Lie product x ∗ y = xy − yx in any ring,
the additive group of that ring becomes a Lie ring. If this ring is of characteristic 2,
then the Lie product coincides with the Jordan product x ◦ y = xy+ yx. So we assume
that our ring K is of characteristic not 2.
For any ring K and any element x of this ring, the map δx : K → K defined by the
rule δx(y) = xy − yx is a derivation. Such derivations are called inner.
If θ : K → K is a derivation of K satisfying θ(J) ⊂ J, then θ¯ : [ai,j ] → [θ(ai,j)] is a
derivation of R. These types of derivations are called ring derivations.
Let d =
n∑
i=1
diei,i (di ∈ K). For any diagonal matrix d and x ∈ R, then the map
σd : x→ dx− xd is a derivation called diagonal derivation induced by the matrix d.
From now on
• xi,j, yi,j will denote arbitrary elements in Ii,j for any i and j,
• x, x1, x2 will denote arbitrary elements in K,
• y, z will denote arbitrary elements in J.
Now we construct several types of Lie derivations on R which will be used in order
to generate all Lie derivations.
(A) Let ςn : J → AnnK(J), ςi : K → AnnK(J), αn : J → C(K), αi : K → C(K)
and u : J → AnnK(J) be additive maps satisfying
(1) ςi(J) = αi(J) = 0, i = 1, 2, ..., n− 1,
(2) ςn(J
2) = αn(J
2) = 0,
(3) u(xy) = u(yx).
Then the map
Ω : R → C(R)
[xi,j ] →
(
n−1∑
i=1
αi(xi+1,i) + αn(x1,n)
)
E
+
(
n∑
j=1
u(xj,j) +
n−1∑
i=1
ςi(xi+1,i) + ςn(x1,n)
)
en,1
is a Lie derivation. This Lie derivation is called central since Ω = 0 modulo C(R).
We now define special Lie derivations of R;
(B1) Special Lie derivation of type I:
The map
∆¯ : xe2,1 → γ(x)en,2
xen,n−1 → θ(x)en−1,1
xi,jei,j → 0 ((i, j) 6= (2, 1), (n, n− 1))
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is a Lie derivation of R if the additive maps γ, θ : K → AnnK(J) satisfy the condi-
tions
i) γ(J) = θ(J) = 0
ii) γ(x1)x2 = γ(x2)x1
iii) x1θ(x2) = x2θ(x1).
(B2) Special Lie derivation of type II:
Let α, β, γ : J → AnnK(J) be additive maps with the conditions α(J
2) = β(J2) =
γ(J2) = 0, α(yx) = xα(y), β(yx) = xβ(y), β(xy) = β(y)x and γ(xy) = γ(y)x. Then
the map
Γ¯ : R → R
ye1,n → α(y)en−1,1 + β(y)en−1,2 + γ(y)en,2
ye1,n−1 → −α(y)en,1 − β(y)en,2
ye2,n → −β(y)en−1,1 − γ(y)en,1 , yǫJ
ye2,n−1 → β(y)en,1
xi,jei,j → 0 ((i, j) 6= (1, n), (1, n− 1), (2, n− 1), (2, n))
is a Lie derivation of R.
(B3) Special Lie derivation of type III:
Let α, β, γ : J → AnnK(J) be additive maps satisfying α(J
2) = γ(J2) = 0, α(yx) =
xα(y) and γ(xy) = γ(y)x. Then the map
Λ : R3(K, J) → R3(K, J)
ye1,3 → α(y)e2,1 + γ(y)e3,2
ye1,2 → −α(y)e3,1
ye2,3 → −γ(y)e3,1
xi,jei,j → 0 ((i, j) 6= (1, 3), (1, 2), (2, 3))
is a Lie derivation of R3(K, J).
(C) Let α, β : J → J be additive maps satisfying the conditions α(xy) = xα(y),
β(yx) = β(y)x and α(y)z + yβ(z) = 0. Then the map
Γ : R → R
ye1,n → α(y)e1,1 + β(y)en,n
yei,n → α(y)ei,1 , 1 < i ≤ n
ye1,j → β(y)en,j , 1 ≤ j < n
xi,j → 0 , (i 6= 1, j 6= n)
determines a derivation of the ring R called almost annihilator derivation.
Main Theorem: Let K be a 2-torsion free ring with identity and R = NTn(K) +
Mn(J) for n > 3. Then every Lie derivation of R is a sum of diagonal, inner, ring,
almost annihilator derivations and central Lie, special Lie derivations defined in (B1)
and (B2).
In order to prove our main theorem, we give some technical lemmas. Suppose that ∆
is a Lie derivation of R. For any elementary matrix xi,jei,j ∈ R (xi,j ∈ Ii,j , 1 ≤ i, j ≤ n),
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we will check the properties of ∆(xi,jei,j) =
n∑
s,t=1
∆i,js,t(xi,j)es,t where ∆
i,j
s,t are additive
maps from Ii,j to Is,t.
The following three lemmas are based on the results from [9].
Lemma 1 Let ∆ be an arbitrary Lie derivation of R. Then
∆(xei+1,i) =
∑
∆i+1,ii+1,t(x)ei+1,t +
∑
s 6=i+1
∆i+1,is,i (x)es,i(1)
+
∑
k 6=i,i+1
∆i+1,ik,k (x)ek,k +∆
i+1,i
n,1 (x)en,1,
∆(ye1,n) =
∑
∆1,n1,t (y)e1,t +
∑
s 6=1
∆1,ns,n(y)es,n(2)
+
∑
k 6=1,n
∆1,nk,k(y)ek,k +∆
1,n
n−1,1(y)en−1,1
+∆1,nn−1,2(y)en−1,2 +∆
1,n
n,1(y)en,1 +∆
1,n
n,2(y)en,2
for 1 < i < n− 1 and
∆i,jk,k = ∆
i,j
m,m : Ii,j → C(K)(3)
for 1 ≤ i, j ≤ n, k 6= i, j and m 6= i, j.
Proof The equality xi,jei,j ∗ yk,mek,m = 0 for k 6= j and m 6= i is equivalent to
0 =
∑
∆i,js,k(xi,j)yk,mes,m −
∑
yk,m∆
i,j
m,t(xi,j)ek,t
+
∑
xi,j∆
k,m
j,t (yk,m)ei,t −
∑
∆k,ms,i (yk,m)xi,jes,j
and (k,m) entry of this equality gives (3) for k > m, k 6= i, j and m 6= i, j. On the
other hand, for m 6= j, s 6= k, i and yk,m = 1, we have ∆
i,j
s,k = 0. Similarly, for k > m,
k 6= i, t 6= m, j and yk,m = 1, we get ∆
i,j
m,t = 0. Therefore, we obtain (1) and (2). In
particular, we get
∆(xe2,1) =
∑
∆2,12,t (x)e2,t +
∑
s 6=2
∆2,1s,1(x)es,1
+
∑
k 6=1,2
∆2,1k,k(x)ek,k +∆
2,1
n,2(x)en,2 +∆
2,1
n,3(x)en,3
∆(xen,n−1) =
∑
∆n,n−1n,t (x)en,t +
∑
s 6=n
∆n,n−1s,n−1 (x)es,n−1
+
∑
k 6=n,n−1
∆n,n−1k,k (x)ek,k +∆
n,n−1
n−2,1 (x)en−2,1
+∆n,n−1n−1,1(x)en−1,1.
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Lemma 2 Let∆ : R→ R be a Lie derivation. Then there exist a diagonal derivation
σd and two inner derivations IA, IB such that (∆ − σd − IA − IB)(ei+1,i) has nonzero
entries only on i+1 row, main diagonal and (n,1) entry.
Proof Let di+1 =
∑i
k=1∆
k+1,k
k+1,k(1) and d =
∑n
i=2 diei,i be a diagonal matrix. If σd is
the diagonal derivation induced by the matrix d, then
σd(ei+1,i) = dei+1,i − ei+1,id
= ∆i+1,ii+1,i(1)ei+1,i.
So the (i + 1, i) entry of the matrix (∆ − σd)(ei+1,i) is zero. Define a matrix A =∑n−1
i=2 (−∆
i+1,i
i+1,1(1))ei,1 and a matrix B = [bi,j ] such that bu,u = 0, bj,1 = 0, bv,i+1 =
∆i+1,iv,i (1) for i < n, v 6= i, i+ 1. Let IA and IB be the inner derivations induced by the
matrices A and B, respectively. If we use IA(ei+1,i) = Aei+1,i− ei+1,iA and IB(ei+1,i) =
Bei+1,i− ei+1,iB, we obtain (i+1,1) entry and all entries of (Ψ− IA− IB)(ei+1,i) on i-th
column are zeros. The lemma is proved. In particular, for Ψ = ∆ − σd − IA − IB, we
have
Ψ(e2,1) =
∑
t6=1
Ψ2,1i+1,t(1)ei+1,t +
∑
k 6=1
Ψ2,1k,k(1)ek,k
+Ψ2,1n,2(1)en,2 +Ψ
2,1
n,3(1)en,3 ,
Ψ(en,n−1) =
∑
t6=1,n−1
Ψn,n−1n,t (1)en,t +
∑
k 6=n−1
Ψn,n−1k,k (1)ek,k
+Ψn,n−1n−1,1 (1)en−1,1 +Ψ
n,n−1
n−2,1(1)en−2,1.
By using the following relations
Ψ(e2,1 ∗ ei+1,i) = 0 (2 < i < n)
Ψ(ei+1,i ∗ ej+1,j) = 0 (i 6= 1, j 6= 1, i 6= j − 1, j, j + 1)
Ψ(en,n−1 ∗ ei+1,i) = 0 (1 < i < n− 2)
Ψ(ei+1,i ∗ ei,i−1) = Ψ(ei+1,i−1)
Ψ(ei+1,i−1 ∗ ei,i−1) = 0
Ψ(ei+1,i−1 ∗ ei+1,i) = 0
we get
Ψ(ei+1,i) =
∑
k 6=i
Ψi+1,ik,k (1)ek,k +Ψ
i+1,i
n,1 (1)en,1 (i 6= 1, n− 1),
Ψ(e2,1) =
∑
k 6=1
Ψ2,1k,k(1)ek,k +Ψ
2,1
n,2(1)en,2,
Ψ(en,n−1) =
∑
k 6=n−1
Ψn,n−1k,k (1)ek,k +Ψ
n,n−1
n−1,1(1)en−1,1.
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Lemma 3 There exists a central Lie derivation Ω of R such that (k,k) entries of the
matrix (∆−σd−IA−IB−Ω)(xei+1,i) and (m,m) entries of (∆−σd−IA−IB−Ω)(ye1,n)
are equal to zero for i < n, k 6= i, i+ 1, m 6= 1, n.
Proof Let Ψ = ∆ − σd − IA − IB for brevity. If 1 < i < n, then the equality
0 = Ψ(xei+1,i ∗ ye1,n) gives Ψ
i+1,i
n,1 (K) ⊂ AnnK(J). Besides, we have Ψ
i+1,i
n,1 (J) = 0 by
the relations Ψ(xyei+1,i) = Ψ(xei+1,i ∗ yei,i) and Ψ(yxei+1,i) = Ψ(yei+1,i+1 ∗ xei+1,i).
In addition, we get Ψ2,1n,1(J) = 0 and Ψ
2,1
n,1(K) ⊂ AnnK(J) by using the relations
Ψ(xye2,1) = Ψ(xe2,1 ∗ ye1,1), Ψ(yxe2,1) = Ψ(ye2,2 ∗ xe2,1), Ψ(ye1,2 ∗ xe2,1) = Ψ(yxe1,1 −
xye2,2) and Ψ(xe2,1 ∗ yen,n) = 0. Moreover, we obtain Ψ
n,n−1
n,1 (K) ⊂ AnnK(J) and
Ψn,n−1n,1 (J) = 0 by the equalities Ψ(xyen,n−1) = Ψ(xen,n−1 ∗ yen−1,n−1), Ψ(yxen,n−1) =
Ψ(yen,n∗xen,n−1), Ψ(yen−1,n∗xen,n−1) = Ψ(yxen−1,n−1−xyen,n) and Ψ(xen,n−1∗ye1,1) =
0. Furthermore, If we consider the relations Ψ(ye1,2 ∗ ze2,n) = Ψ(yze1,n), Ψ(ye1,n ∗
ze2,n) = 0 and Ψ(ye1,n ∗ ze1,2) = 0, we have Ψ
1,n
n,1(J
2) = 0 and Ψ1,nn,1(J) ⊂ AnnJ(K).
Now let αi = Ψ
i+1,i
k,k and αn = Ψ
1,n
m,m where m 6= 1, n, k 6= i, i + 1 and i < n. We
know that αi = Ψ
i+1,i
k,k : K → C(K) (i < n, k 6= i, i+ 1) and αn = Ψ
1,n
m,m : J → C(K)
(m 6= 1, n) by (3) in Lemma 1. Ψ(xyei+1,i) = Ψ(xei+1,i∗yei,i) gives αi(J) = 0 and we get
αn(J
2) = 0 by Ψ(yze1,n) = Ψ(ye1,n ∗zen,n). On the other hand, Ψ(xyei+1,i+1−yxei,i) =
Ψ(xei+1,i ∗ yei,i+1) gives Ψ
i+1,i+1
n,1 = Ψ
i,i
n,1 and Ψ
i,i
n,1(xy) = Ψ
i,i
n,1(yx) for 1 < i < n. Say
u = Ψi,in,1 for 1 < i < n. Also we obtain u : J → AnnK(J) by the relation ye2,2∗ze1,n = 0.
Then the map
Ω : R → R
[ai,j] →
(∑n−1
i=1 αi(ai+1,i) + αn(a1,n)
)
.E
+
( ∑n
i=1 u(ai,i) +
∑n−1
i=1 Ψ
i+1,i
n,1 (ai+1,i)
+Ψ1,nn,1(a1,n)
)
en,1
is the required central Lie derivation. The lemma is proved.
Lemma 4 There exists a ring derivation Π¯ of R such that (i,j) entry of (∆− σd −
IA − IB − Ω− Π¯)(xi,jei,j) is zero for all i, j.
Proof Let Ψ = ∆− σd − IA − IB − Ω for brevity. Then (i,k) entry of the relation
Ψ(xi,jyj,kei,k) = Ψ(xi,jei,j ∗ yj,kej,k) gives Ψ
i,k
i,k(xi,jyj,k) = Ψ
i,j
i,j(xi,j)yj,k + xi,jΨ
j,k
j,k(yj,k)
for all i, j, k where i 6= k. This means all Ψu,vu,v are equal to each other and Ψ
u,v
u,v is a
derivation of both K and J. Let Π = Ψu,vu,v. Then the map
Π¯ : R → R
[ai,j ] → [Π(ai,j)]
is the ring derivation we need. The lemma is proved.
Now we have the following equalities for Ψ = ∆− σd − IA − IB − Ω− Π¯.
Ψ(e2,1) = Ψ
2,1
1,1(1)e1,1 +Ψ
2,1
2,2(1)e2,2 +Ψ
2,1
n,2(1)en,2,
Ψ(ei+1,i) = Ψ
i+1,i
i,i (1)ei,i +Ψ
i+1,i
i+1,i+1(1)ei+1,i+1 (1 < i < n− 1),
Ψ(en,n−1) = Ψ
n,n−1
n−1,n−1(1)en−1,n−1 +Ψ
n,n−1
n,n (1)en,n +Ψ
n,n−1
n−1,1(1)en−1,1.
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Lemma 5 There exists a special Lie derivation ∆¯ of R such that (n,2) entry of
(∆− σd − IA − IB −Ω− Π¯− ∆¯)(xe2,1) and (n-1,1) entry of (∆− σd − IA − IB −Ω−
Π¯− ∆¯)(xen,n−1) are zeros.
Proof Let Ψ = ∆−σd−IA−IB−Ω−Π¯ for brevity. The relations Ψ(x1e2,1∗x2e2,1) = 0
and Ψ(x1en,n−1 ∗ x2en,n−1) = 0 gives Ψ
2,1
n,2(x1)x2 − Ψ
2,1
n,2(x2)x1 = 0 and x1Ψ
n,n−1
n−1,1(x2) −
x2Ψ
n,n−1
n−1,1(x1) = 0, respectively. Besides, the relations Ψ(xye2,1) = Ψ(xe2,1 ∗ ye1,1),
Ψ(yxe2,1) = Ψ(ye2,2 ∗ xe2,1) and Ψ(xe2,1 ∗ yen,n) = 0 gives Ψ
2,1
n,2(J) = 0 and Ψ
2,1
n,2(K) ⊂
AnnK(J). Moreover, we obtain Ψ
n,n−1
n−1,1(J) = 0 and Ψ
n,n−1
n−1,1 (K) ⊂ AnnK(J) by the
relations Ψ(yxen,n−1) = Ψ(yen,n ∗ xen,n−1), Ψ(xen,n−1 ∗ ye1,1) = 0 and Ψ(xyen,n−1) =
Ψ(xen,n−1 ∗ yen−1,n−1), respectively. Then the map
∆¯ : R → R
[ai,j] → Ψ
2,1
n,2(a2,1)en,2 +Ψ
n,n−1
n−1,1 (an,n−1)en−1,1
is a special Lie derivation of type I defined in (B1). The lemma is proved.
Lemma 6 There exists an inner derivation IC such that (∆ − σd − IA − IB − Ω −
Π¯− ∆¯− IC)(ei+1,i) has zero (i,i) entry for all i < n.
Proof Let Ψ = ∆−σd−IA−IB−Ω−Π¯−∆¯ for brevity and C =
∑n−1
k=1 Ψ
k+1,k
k,k (1)ek,k+1.
Then the inner derivation IC induced by the matrix C is the required inner derivation.
Note that the positions with nonzero entries of IC(ei,j) and (∆ − σd − IA − IB − Ω −
Π¯− ∆¯)(ei,j) are the same for i > j.
Now let Ψ = ∆ − σd − IA − IB − Ω − Π¯ − ∆¯ − IC for brevity. Then Ψ(ei+1,i) =
Ψi+1,ii+1,i+1(1)ei+1,i+1 for i < n. But we have Ψ(ei+1,i−1) = 0 and then Ψ(ei+1,i) = 0 by the
relations Ψ(ei+1,i ∗ei,i−1) = Ψ(ei+1,i−1) and Ψ(ei+1,i−1 ∗ei,i−1) = 0. It means Ψ(ei,j) = 0
for all i > j.
For any numbers k and m such that k > m, k 6= 1, i, m 6= i+ 1, n, we obtain
Ψ(xei+1,i) = Ψ
i+1,i
i+1,1(x)ei+1,1 +Ψ
i+1,1
n,i (x)en,i (1 < i < n− 1)
Ψ(xe2,1) = Ψ
2,1
n,3(x)en,3
Ψ(xen,n−1) = Ψ
n,n−1
n−2,1(x)en−2,1
by the relation Ψ(xei+1,i ∗ ek,m) = Ψ(xei+1,i) ∗ ek,m = 0. Besides, for 2 < i < n − 1,
the relation Ψ(x1x2ei+1,i−1) = Ψ(x1ei+1,i ∗ x2ei,i−1) gives Ψ
i+1,i
n,i = 0 and Ψ
i,i−1
i,1 = 0.
In addition, we get Ψ3,2n,2 = 0 = Ψ
2,1
n,3 and Ψ
n−1,n−2
n−1,1 = 0 = Ψ
n,n−1
n−2,1 by the equalities
Ψ(x1x2e3,1) = Ψ(x1e3,2 ∗ x2e2,1) and Ψ(x1x2en,n−2) = Ψ(x1en,n−1 ∗ x2en−1,n−2). Finally,
we have
(∗) Ψ(xei+1,i) = 0 and so Ψ(xek,m) = 0
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for any i < n and k > m. Also we obtain
Ψ(ye1,n) = Ψ
1,n
1,1 (y)e1,1 +Ψ
1,n
n−1,1(y)en−1,1 +Ψ
1,n
n−1,2(y)en−1,2
+Ψ1,nn,2(y)en,2 +Ψ
1,n
n,n(y)en,n
by the relations Ψ(ye1,n−1) = Ψ(ye1,n ∗ en,n−1) and Ψ(ye2,n) = Ψ(e2,1 ∗ ye1,n).
Lemma 7 There exists an almost annihilator derivation Γ of R such that (n,i) entry
of (∆− σd − IA − IB − Ω− Π¯− ∆¯− IC − Γ)(ye1,i) and (i,1) entry of (∆− σd − IA −
IB − Ω− Π¯− ∆¯− IC − Γ)(yei,n) are zeros for 1 ≤ i ≤ n.
Proof Let Ψ = ∆ − σd − IA − IB − Ω − Π¯ − ∆¯ − IC for brevity. Then we obtain
Ψ1,nn,n = Ψ
1,i
n,i, Ψ
1,n
n,n(yx) = Ψ
1,n
n,n(y)x and Ψ
1,n
1,1 = Ψ
i,n
i,1 , Ψ
1,n
1,1 (xy) = xΨ
1,n
1,1 (y) by the relations
Ψ(ye1,n∗xen,i) = Ψ(yxe1,i) and Ψ(xei,1 ∗ye1,n) = Ψ(xyei,n) for 1 < i < n. Furthermore,
we get Ψ1,1n,1 = Ψ
1,2
n,2 and Ψ
n,n
n,1 = Ψ
n−1,n
n−1,1 by Ψ(xe2,1 ∗ ye1,2) = Ψ(xye2,2 − yxe1,1) and
Ψ(xen,n−1∗yen−1,n) = Ψ(xyen,n−yxen−1,n−1). Now we haveΨ
1,n
n,n = Ψ
1,i
n,i andΨ
1,n
1,1 = Ψ
i,n
i,1 .
Let λ = Ψ1,n1,1 = Ψ
i,n
i,1 and µ = Ψ
1,n
n,n = Ψ
1,i
n,i. Now consider the relation Ψ(yze1,n) =
Ψ(ye1,2 ∗ ze2,n). This relation gives 0 = zµ(y) + λ(z)y. Then the map
Γ : R → R
ye1,n → λ(y)e1,1 + µ(y)en,n
yei,n → λ(y)ei,1 (i > 1)
ye1,j → µ(y)en,j (j < n)
xi,jei,j → 0 ((i, j) 6= (1, k), (m,n) for any k,m)
is an almost annihilator derivation of R and this proves the lemma.
Lemma 8 There exists a special Lie derivation Θ of R such that ∆−σd− IA− IB−
Ω− Π¯− ∆¯− IC − Γ−Θ is equal to zero map.
Proof Let Ψ = ∆− σd − IA − IB −Ω− Π¯− ∆¯− IC − Γ for brevity. Then the rela-
tions Ψ(yxe1,n−1) = Ψ(ye1,n ∗ xen,n−1), Ψ(xye2,n) = Ψ(xe2,1 ∗ ye1,n) and Ψ(yxe2,n−1) =
Ψ(ye2,n∗xen,n−1) giveΨ
1,n−1
n,1 (yx) = −xΨ
1,n
n−1,1(y),Ψ
1,n−1
n,2 (yx) = −xΨ
1,n
n−1,2, Ψ
2,n
n−1,1(xy) =
−Ψ1,nn−1,2(y)x, Ψ
2,n
n,1(xy) = −Ψ
1,n
n,2(y)x and Ψ
2,n−1
n,1 (yx) = −xΨ
2,n
n−1,1(y). Let α = Ψ
1,n
n−1,1,
β = Ψ1,nn−1,2 and γ = Ψ
1,n
n,2. Then one can see that α(yx) = xα(y), β(yx) = xβ(y),
β(xy) = β(y)x, γ(xy) = γ(y)x, Ψ1,n−1n,1 = −α, Ψ
1,n−1
n,2 = Ψ
2,n
n−1,1 = −Ψ
2,n−1
n,1 = −β,
Ψ2,nn,1 = −γ.
If n > 4 and 2 < i < n − 1, then we obtain α(J2) = β(J2) = γ(J2) = 0 and
that α(y), β(y), γ(y) ⊂ AnnK(J) by the relationsΨ(yze1,n) = Ψ(ye1,i∗zei,n),Ψ(yze1,n) =
Ψ(ye1,2 ∗ ze2,n), Ψ(yze1,n) = Ψ(ye1,n−1 ∗ zen−1,n), Ψ(yze1,n) = Ψ(ye1,1 ∗ ze1,n) and
0 = Ψ(ye1,n ∗ ze2,n).
If n = 4, then the relations Ψ(yze1,4) = Ψ(ye1,j ∗ zej,4) and Ψ(ye1,4 ∗ ze2,4) = 0 gives
α(J2) = β(J2) = γ(J2) = 0 and α(y), β(y), γ(y) ⊂ AnnK(J) for 1 ≤ j ≤ 4. So α, β
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and γ satisfies the conditions given in (B2) and the map
Θ : R → R
ye1,n → α(y)en−1,1 + β(y)en−1,2 + γ(y)en,2
ye1,n−1 → −α(y)en,1 − β(y)en,2
ye2,n → −β(y)en−1,1 − γ(y)en,1
ye2,n−1 → β(y)en,1
xi,jei,j → 0 ((i, j) 6= (1, n− 1), (1, n), (2, n), (2, n− 1))
becomes a special Lie derivation of type II. For the last part, we need to show (∆ −
σd− IA− IB −Ω− Π¯− ∆¯− IC −Γ−Θ)(xi,jei,j) = 0 for all i,j. Let Ξ = ∆− σd− IA−
IB − Ω− Π¯− ∆¯− IC − Γ−Θ for brevity. Then Ξ(yei,j) = 0 for i < j since we have
Ξ(ei,1) = 0,
Ξ(ye1,j) = 0,
Ξ(yei,j) = Ξ(ei,1 ∗ ye1,j)
= Ξ(ei,1) ∗ ye1,j + ei,1 ∗ Ξ(ye1,j).
Besides, we know that Ξ(xei,j) = 0 for i > j by (∗). It suffices to show that Ξ(yei,i) = 0
for all i. If i > j, then Ξ(yei,i − yej,j) = Ξ(ei,j ∗ yej,i) = 0 as Ξ(yek,m) = 0 for
k < m. This means Ξ(yei,i) = Ξ(yej,j) for all i,j. So it is enough to check Ξ(ye1,1) is
equal to 0. Consider the products Ξ(ye1,1 ∗ ei,j) = Ξ(ye1,1) ∗ ei,j = 0 for i > j. These
products give that entries on the i − th column and j − th row of Ξ(ye1,1) are zeros
for 1 < j < n and i > 2 which means Ξ(ye1,1) = Ξ
1,1
1,2(y)e1,2 + Ξ
1,1
n,2(y)en,2. Finally, the
relation 0 = Ξ(ye2,1) = Ξ(e2,1 ∗ye1,1) = e2,1 ∗Ξ(ye1,1) gives Ξ
1,1
1,2 = Ξ
1,1
n,2 = 0. The lemma
is proved.
The proof of the main theorem follows by Lemma 1-8 for n ≥ 4.
Discussion for n=3:
Let K be commutative now. Then Lemma 1-5 applies. Moreover, the relations
yze1,3 = ye1,1 ∗ ze1,3, yze1,3 = ye1,2 ∗ ze2,3, yze1,3 = ye1,3 ∗ ze3,3, xye2,3 = xe2,1 ∗ ye1,3,
yxe1,2 = ye1,3 ∗ xe3,2 gives all the conditions of special Lie derivation Λ defined in
(B3). Let Ψ = ∆ − σd − IA − IB − Ω − Π¯ − ∆¯ − Λ for brevity. Then we have
Ψ(xe2,1) = Ψ
2,1
1,1(x)e1,1+Ψ
2,1
2,2(x)e2,2, Ψ(xe3,2) = Ψ
3,2
2,2(x)e2,2+Ψ
3,2
3,3(x)e3,3 and Ψ(xe3,1) =
Ψ3,12,1(x)e2,1 + Ψ
3,1
3,2(x)e3,2. Now Lemma 6 applies and then we find that the images of
xei+1,i under ∆ − σd − IA − IB − Ω − Π¯ − ∆¯ − Λ − IC are zeros by the equalities
x1x2e3,1 = x1e3,2∗x2e2,1, x1e2,1∗x2e3,1 = 0 and x1e3,2∗x2e3,1 = 0. After applying Lemma
7, we also obtain the image of ye1,3 is zero under∆−σd−IA−IB−Ω−Π¯−∆¯−Λ−IC−Γ.
Now let Ξ = ∆− σd − IA− IB −Ω− Π¯− ∆¯−Λ− IC − Γ and consider the relations
ye1,2 = ye1,3∗e3,2, ye2,3 = e2,1 ∗ye1,3. Then we find Ξ(yei,j) = 0 for i < j. Furthermore,
we obtain Ξ(yek,k) = 0 by ei,j ∗ yek,k = 0. So our main theorem holds for n=3 if K is
commutative. Note that the ring K is chosen to be commutative to obtain central Lie
derivations of R3(K, J).
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